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A finite group G has been called a dc-group if different conjugacy
classes of elements of G have different cardinalities, or a gdc-group if
different conjugacy classes of noncentral elements of G have different
w xcardinalities. In a recent paper by Zhang 1 , it was proved that every
nonabelian gdc-group is a dc-group and that the symmetric group of
degree 3 is the only nontrivial soluble dc-group. The latter result is far
w xharder, yet in 1 it was used in the proof of the former. Here we prove that
e¨ery nonabelian gdc-group is a dc-group without using that deep result.
 w x .We do retain some steps from the proof that was given in 1 .
For a proof by contradiction, suppose that G is a nonabelian gdc-group
which is not a dc-group. Let Z denote the centre of G: under this
assumption, we must have 1 - Z - G.
Consider first the possibility that the order of G is a prime power, say
pn. Since G is nonabelian, n G 3. If g is a noncentral element of G, then
the order of the centralizer of g is at least p2, for that centralizer contains
both Z and g. It follows that the cardinality of the conjugacy class
containing g, being the index of that centralizer, is a power of p no larger
than pny2. As G is a gdc-group, it follows that G has at most p q p2
q ??? qpny2 noncentral elements. On the other hand, G obviously cannot
ny1 n  2have more than p central elements, so this leads to p F p q p
ny2 . ny1q ??? qp q p , which is impossible.
Thus the order of G is divisible by at least two different primes. Let z
be an element of prime order, say p, in Z. If g is a noncentral element,
the centralizers of g and gz are the same, so the cardinalities of the
conjugacy classes of g and gz are equal , so g and gz must be conjugate to
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each other. In particular, g and gz have the same order. It follows that g
cannot have order prime to p. Thus the Sylow subgroups of G correspond-
ing to primes other than p must all lie in Z. It is then possible to choose
an element in Z which has prime order different from p, and to repeat
this argument with that element in place of z, to conclude that the Sylow
p-subgroup of G also lies in Z. This contradicts Z - G and so completes
the proof.
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